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ABSTRACT 
 
In this work, it is investigated the geometric effect of rectangular fin 
inserted in a lid-driven square cavity over thermal performance of laminar, 
incompressible, steady and forced convective flows. This study is 
performed by applying Constructal Design to maximize the heat transfer 
between the fin and the cavity flow. For that, the problem is subjected to 
two constraints: area of the cavity and area of rectangular fin, and two 
degrees of freedom: height/length ratio of rectangular fin (H1/L1) and its 
position in upstream surface of the cavity (S/A1/2). It is considered here 
some fixed parameters, as the ratio between the fin and cavity areas (ϕ = 
0.05), the aspect ratio of the cavity dimensions (H/L = 1.0) and Prandtl 
number (Pr = 0.71). The fin aspect ratio (H1/L1) was varied for three 
different placements of the fin at the upstream cavity surface (S/A1/2 = 0.1, 
0.5 and 0.9) which represents a lower, intermediate and upper positions of 
the fin. The effects of the fin geometry over the spatial-averaged Nusselt 
number ( ) is investigated for three different Reynolds numbers (ReH = 
10, 102 and 103). The conservation equations of mass, momentum and 
energy were numerically solved with the Finite Volume Method. Results 
showed that both degrees of freedom (H1/L1 and S/A1/2) had a strong 
influence over , mainly for higher magnitudes of Reynolds number. 
Moreover, the best thermal performance is reached when the fin is placed 
near the upper surface of the cavity for an intermediate ratio between height 
and length of rectangular fin, more precisely when (S/A1/2)o = 0.9 and 
(H1/L1)oo = 2.0. 
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NOMENCLATURE 
 
A Area of the cavity [m²] 
A1 Area of the intruded fin [m²] 
Cp Specific heat of the fluid [J/(kg.K)] 
H Height of the cavity [m] 
h Convective heat transfer coefficient 
[W/(m2K)] 
H1 Height of the fin [m] 
k Thermal conductivity of the fluid 
[W/(m.K)] 
L Length of the cavity [m] 
L1 Length of the fin [m] 
NuH Nusselt number based on cavity height, 
hH/k  
P Pressure [N/m²] 
Pr Prandtl number, ν/α  
ReH Reynolds number based on height of the 
cavity, umaxH/ν  
ST Surface area of integration 
T Temperature [K] 
t Time [s] 
Tf Fin surface temperature [K] 
TS Upper surface temperature [K] 
u Velocity in x-direction [m/s] 
umax Velocity of upper surface [m/s] 
v Velocity in y-direction [m/s] 
x,y Spatial coordinate in x- and y- directions 
[m] 
 
Greek symbols 
 
α Thermal diffusivity [m²/s] 
υ Kinematic viscosity of the fluid [m²/s] 
ρ Density [kg/m³] 
∆t Time-step [ ] 
µ Dynamic viscosity of the fluid [kg/(m.s)] 
Ω Spatial domain 
ϕ Fraction area of the fin, A1/A  
 
Subscripts/Superscripts 
 
m Once maximized 
mm Twice maximized 
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o Once optimized 
oo Twice optimized 
max Maximal velocity or temperature inside the 
cavity domain 
min Minimal temperature inside the cavity 
domain 
1 Fin variable 
∗ Dimensionless variables 
– Spatial-averaged variables 
 
INTRODUCTION 
 
Convective cavity flows represent ideally 
several engineering problems as those found in 
electronic packaging, spacing between fins in heat 
exchangers,  solar air heater (SAC) and HVAC 
devices (Fontana et al., 2015). Moreover, the 
simplicity of domain and the presence of complex 
phenomena such as boundary detachment and 
reattachment, generation of primary and secondary 
vortices make the cavity problem interesting for 
several experimental and numerical works (Prasad 
and Koseff, 1989; Prasad and Koseff, 1996; Erturk 
and Gökçol, 2006; Dos Santos et al., 2011; Gibanov 
et al., 2017).  
As a consequence, many studies have been 
performed to improve the knowledge about fluid 
dynamic and thermal patterns of forced and mixed 
convective flows inside cavities (Lin et al., 2011; 
Sivasankaran et al., 2013; Dos Santos et al., 2013a; 
Kareem et al., 2016). Concerning the intrusion of fins 
or obstacles in lid-driven cavity flows, important 
advances have been performed. For instance, 
Chamkha et al. (2011) investigated mixed convective 
flows in a cavity with heated square cylinder inserted 
in the cavity center. The velocity and thermal fields 
were studied for different geometries of cavity. The 
influence of Reynolds and Richardson numbers over 
the flow patterns was also analyzed. Recently, 
Hammami et al. (2017) carried out a numerical 
investigation about two-sided lid-driven cubical 
cavity induced by a cylindrical shape at the center. It 
was investigated different Reynolds numbers in the 
range (100 ≤ Re ≤ 1500) seeking to investigate 
the Reynolds number where a transition from steady 
to unsteady state occurs. Afterwards, Gibanov et al. 
(2017) investigated a conjugate heat transfer by 
mixed convection in a cavity with a conductive heat 
transfer in a heated solid intruded in the cavity. 
Considering that the study of bodies and fins intruded 
in cavity convective flows is an important issue, the 
geometrical evaluation of intruded fin in lid-driven 
cavity flow is also an important subject. 
Constructal Design has also been employed for 
geometrical evaluation of this kind of problem. 
Constructal Design is a method based in the physical 
principle denominated Constructal Law of design and 
evolution (Bejan, 2000; Bejan and Lorente, 2008; 
Bejan and Zane, 2012, Bejan, 2016). According to 
this law, any flow system (animated or inanimated) 
of finite dimensions, to persist in time (to survive), 
must evolve its design to easily the internal streams 
that flow through it (Bejan and Lorente, 2008; Bejan, 
2016). Many recommendations about designs in 
several engineering problems have been achieved 
with Constructal Design, e.g., convective internal and 
external flows, heat generating solids with intruded 
cavities, renewable energy and solid mechanics 
(Barros et al., 2017; Lorenzini et al., 2014; Xie et al., 
2015; Lorenzini et al., 2017; Helbig et al., 2016; 
Rodrigues et al., 2015; Vieira et al., 2017).   
Constructal Design has recently been employed 
for investigation of fins intruded in forced and mixed 
convective lid-driven cavity flows. One of the 
pioneer works was performed by Dos Santos et al. 
(2013b), which evaluated the geometry of a 
rectangular fin inserted into the bottom wall of the 
cavity seeking to maximize the heat exchange 
between the fin and surrounding forced convective 
flow. The effect of Reynolds number over the design 
was also evaluated for a constant Prandtl number (Pr 
= 0.71). Lorenzini et al. (2016) investigated a similar 
configuration, but took into account mixed 
convective flows, studying the effects of Reynolds 
and Rayleigh numbers over design of the problem. 
Aldrighi et al. (2016) investigated forced convective 
flows in lid-driven cavities with intruded rectangular 
fins. However, three different placements of the fin 
mounted in cavity surfaces are investigated (lower, 
upstream and downstream surfaces). More recently, 
Razera et al. (2016) evaluated mixed convective 
flows in lid-driven cavities considering triangular fin 
inserted in its bottom surface. 
In the present work, it is proposed the 
geometrical evaluation of forced convective flow in a 
lid-driven square cavity with inserted rectangular fin 
in upstream surface of the cavity. It is evaluated the 
effect of aspect ratio between the height and length of 
the fin (H1/L1) for three different placements of the 
fin mounted in the upstream surface (S/A1/2 = 0.1, 0.5 
and 0.9) over the thermal performance of the cavity. 
The influence of different Reynolds numbers (ReH = 
10, 102 and 103) is also performed. For all 
simulations, it is considered a constant fraction area 
of the fin ( ϕ = 0.05) and Pr      
The forced convective flow is considered two-
dimensional, laminar, incompressible and at steady 
state. Then, conservation equations of mass, 
momentum and energy are numerically solved with 
the Finite Volume Method, more precisely with 
commercial code FLUENT (FLUENT, 2007; 
Versteeg and Malalasekera, 2007). 
 
MATHEMATICAL MODELLING 
 
The differential equations that describe the 
conservation of mass, momentum and energy for a 
two-dimensional lid-driven cavity flow problem in 
steady and forced convective regimes, considering a 
incompressible fluid with constant thermal physical 
properties are given by Bejan (2013): 
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where u and v are the velocities in x- and y- 
directions; ρ is the fluid density; P is the pressure; υ 
is the kinematic viscosity of the fluid (μ/ρ); α is the 
thermal diffusivity (k/ρCp) and T is the temperature. 
 
PROBLEM DESCRIPTION 
 
The class of problems to be studied here 
consists of a permanent laminar flow with forced 
convective heat transfer in a lid-driven square cavity 
of dimensions: H = L = 1.0 m (or H* = L* = 1.0), Fig. 1, 
considering constant thermophysical properties. 
Inside, there is a rectangular fin, inserted in the 
upstream surface at position S/A1/2 of the cavity, 
whose geometry is varied according to Constructal 
Design method. 
The fluid flow is caused by the continuous 
motion of an infinite plate that also represents the 
upper surface, where its velocity is used as a 
reference for calculating the Reynolds number (ReH) 
in terms of the height of the cavity (H). 
In the other surfaces, the dimensionless 
velocities are considered null (u* = v* = 0) and have 
non-slip and impermeability boundary conditions. 
For the thermal field, a dimensionless temperature of 
T* = 1.0 is applied to the fin surfaces for heating the 
flow, whereas the upper surface has a dimensionless 
temperature (T* = 0.0). For heat transfer, the dashed 
surfaces are considered adiabatic, while the upper 
surface of the cavity and the surfaces of the fin 
receive temperatures, respectively, Ts = 300 K and Tf 
= 320 K. 
The equations of the problem are totally in the 
dimensionless form. In this way, is defined 
 
2/1
11
11 A
L,H,L,H,y,xL,H,L,H,y,x =∗∗∗∗∗∗  (5)  
  
maxu
v,uv,u =∗∗  (6) 
  
minmax
min
TT
TTT
−
−
=∗  (7)  
 
 
Figure 1. Problem domain for lid-driven cavity flow 
with inserted rectangular fin on upstream surface. 
 
as the dimensionless versions of spatial coordinates, 
velocities and temperature. For the geometric 
evaluation of the problem by the Constructal Design 
method, the areas of the cavity and the fin are 
calculated, respectively, by 
 
HLA =  (8)  
  
111 LHA =  (9)
  
 
and the ratio between the fin and cavity areas is 
estimated by 
 
A
A1=φ  (10)  
 
In this study, the ratio between the fin and 
cavity areas ( ϕ = 0.05) and the Prandlt umber (Pr = 
0.71) are considered fixed and the cavity geometry 
ratio (H/L = 1.0). The problem is subjected to two 
degrees of freedom (H1/L1 and S/A1/2). The ratio 
H1/L1 is varied for three different magnitudes of 
S/A1/2 = 0.1, 0.5 and 0.9. Moreover, three different 
values of Reynolds number was investigated (ReH = 
10, 102 and 103). The main purpose is to maximize 
the heat transfer between the fin and the flow in the 
cavity (indicated by the Nusselt number). 
The Nusselt number indicates the magnitude of 
convection heat transfer between the fin and the 
circulating flow and is given by 
 
∗
∗
∂
∂
==
n
T
k
hHNuH  (11)
 
 
where h is the heat transfer coefficient and n 
represents a normal coordinate to the fin surface. In 
order to compare the different geometries 
investigated, it is used the spatial-averaged Nusselt 
number, which is defined by 
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∫=
T
T
S
HSH dSNu
1Nu  (12) 
 
where NuH is the local Nusselt number in terms of 
the height of the cavity and ST is the surface area of 
integration. 
In the present work, it is employed Constructal 
Design method associated with exhaustive search to 
seek for the optimal shapes. As can be seen in 
flowchart of Figure 2, the evaluation process is 
shared in three steps. Firstly, the fin geometry is 
optimized by varying the ratio H1/L1 and calculating 
the Nusselt number, keeping fixed the other degrees 
of freedom (S/A1/2) and Reynolds number constant. 
Thus, the Nusselt number once maximized, NuH,m, is 
defined as the highest magnitude of the Nusselt 
number, and the correspondent ratio H1/L1 is called 
once optimized ratio (H1/L1)o. 
 
 
 
Figure 2. Flowchart of performed simulations. 
 
In the second step, the same process performed 
in step 1 is repeated for other positions of fin (S/A1/2) 
and maintaining the Reynolds number constant. The 
highest Nusselt number achieved is named NuH,mm 
(NuH twice maximized), and the corresponding 
optimal shapes are (H1/L1)oo (H1/L1 ratio twice 
optimized) and (S/A1/2)o (position S/A1/2 once 
optimized). 
Finally, the third step is repeated for different 
evaluated Reynolds numbers (ReH). For the 
geometrical evaluation performed here, a total of 176 
simulated cases to examine all possible 
configurations were required. At this point, the 
spatial-averaged Nusselt number two times 
maximized ( ) and the respective optimal 
shapes, (S/A1/2)o and (H1/L1)oo, are reached.  
 
NUMERICAL MODELING 
 
In the preprocessing stage, a computational 
mesh based on rectangular volumes is generated 
using the GAMBIT software (Fluent, 2007), in which 
the domain is discretized in finite rectangular 
volumes. The conservation equations of mass, 
momentum and energy, Eqs. (1) – (4), are tackled 
with Finite Volume Method (FVM) through the use 
of commercial software FLUENT (FLUENT, 2007; 
Versteeg and Malalasekera, 2007), in which different 
configurations of the fin are tested, such as the 
proportion H1/L1 and the position (S/A1/2), for 
different Reynolds values (ReH).  
Concerning the numerical procedures for 
solving the conservation equations, SIMPLEC (Semi-
Implicit Method for Pressure-Linked Equations-
Consistent) algorithm is used for velocity-pressure 
coupling. The first-order Upwind interpolation 
scheme is used to treat the dominant advective terms 
for momentum and energy equations. In addition, it is 
considered that the convergence is reached when 
residuals for mass, momentum and energy between 
two consecutive iterations are smaller than 10-6, 10-6 
and 10-8, respectively. 
In order to validate the present numerical 
methodology, velocity and temperature profiles were 
generated for a classical case of a forced convective 
flow in a lid-driven square cavity without fins. It is 
considered a steady state forced convective flow. 
Results obtained with the present method are 
compared with those obtained in literature. 
In this particular case, the fluid motion is caused 
only by velocity imposition in the upper surface of 
the cavity, while in the other surfaces the velocity is 
null. In the thermal field, the heat transfer is due to 
the temperature difference between the upper surface 
and the other ones. As a boundary condition, the 
highest temperature (T* = 1.0) is imposed on the 
upper surface while the lowest temperature is 
maintained on the lower surface (T* = 0.0). To 
describe the flow, we also assigned ReH = 100 and Pr 
= 0.71. 
In this analysis, a section of the cavity was 
chosen, where x* = 0.5 and the results were compared 
with those obtained by Dos Santos et al. (2013b) and 
Nallasamy and Prasad (1977) for the velocity profiles 
(Figure 3a) and temperature profiles (Figure 3b). Due 
to the good agreement of the results presented, this 
numerical method is considered suitable for 
subsequent study and geometrical evaluation of 
forced convective lid-driven cavity flow with inserted 
fins. All simulations performed here were obtained 
when an independent grid was reached as described 
by Dos Santos et al. (2013b), using 100 × 100 
rectangular volumes in x- and y- directions. 
In addition, results obtained by the present 
model at steady state are comparable with those 
presented by Aldrighi et al. (2016) for different 
values of ReH for fins positioned in S/A1/2 = 0.5 of 
the upstream cavity surface. 
 
RESULTS AND DISCUSSION 
 
Firstly, it is performed the variation of the ratio 
H1/L1 to evaluate its effect over the spatial-averaged 
Nusselt number ( ). 
The fins were inserted at different positions of 
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the upstream surface of the cavity, S/A1/2 = 0.1, 0.5 
and 0.9 and a range of the fin size variation ratio was 
established, 0.1 ≤ H1/L1 ≤ 10.0. Due to cavity 
domain strapolation, when S/A1/2 = 0.1 and 0.9, the 
fin geometric ratio had to be changed to 2.0 ≤ H1/L1 
≤ 10.0. 
In addition, the gain in the convective heat 
transfer rate between the fin and the flow with the 
increase of Reynolds number (ReH) was evaluated, 
considering the optimal fin geometries ((S/A1/2)o and 
(H1/L1)oo). 
 
 
 
Figure 3. Time-averaged dimensionless profiles for 
forced convective flow with ReH = 100  and Pr = 1.0: 
a) velocity profile in x* direction at x* = 0.5; b) 
temperature profile at x* = 0.5. 
 
First of all, as can be seen in Figures 4 and 5, 
the H1/L1 ratio shows lower influence on  for the 
lowest magnitude of ReH (ReH = 10.0) for fins placed 
in the lower positions (S/A1/2 = 0.1 and 0.5). 
As expected, when increases the ReH value, the 
spatial-averaged Nusselt number value also increases. 
However, higher H1/L1 ratios may contribute to 
worsening the heat exchange performance of the 
thermal system, contrarily to the common sense 
where it is expected that the augmentation of heat 
transfer area led to a maximization of thermal 
performance. 
 
 
Figure 4. Effect of the ratio H1/L1 over Nusselt 
number ( ) for various Reynolds numbers (ReH) 
for the fin intruded in the upstream surface at S/A1/2 = 
0.1. 
 
 
 
Figure 5. Effect of the ratio H1/L1 over Nusselt 
number ( ) for various Reynolds numbers (ReH) 
for the fin intruded in the upstream surface at S/A1/2 = 
0.5. 
 
The fin position inside the cavity is also a 
determining factor for the heat exchange efficiency. It 
can be observed that for a same H1/L1 ratio, fins 
positioned closer the upper surface (Figure 6) have 
the best thermal performance among the evaluated fin 
placements, even for low ReH. 
In order to evaluate the geometry influence also 
in the thermal field, Figs. 7, 8 and 9 are presented, 
showing the profiles obtained by the fin insertion at 
S/A1/2 = 0.1, 0.5 and 0.9 positions of the upstream 
cavity. For each one of these positions, the flow are 
evaluated for ReH = 10, 100 and 1000 and are 
identified the best (items a, c, e) and worst (items b, 
d, f) fins configurations. The red color represents the 
highest temperatures (warmer), while the blue one 
represents the lower (colder) temperatures. 
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Figure 6. Effect of the ratio H1/L1 over Nusselt 
number ( ) for various Reynolds numbers (ReH) 
for the fin intruded in the upstream surface at S/A1/2 = 
0.9. 
 
 
 
Figure 7. Temperature field obtained for different 
ReH, considering the fin inserted at S/A1/2 = 0.1 of the 
upstream surface of the cavity, with H/L = 1.0: 
a) ReH = 10, , (H1/L1)o = 2.0; 
b) ReH = 10, , H1/L1 = 10.0; 
c) ReH = 100, , (H1/L1)o = 2.0; 
d) ReH = 100, , H1/L1 = 10.0; 
e) ReH = 1000, , , (H1/L1)o = 2.0; 
f) ReH = 1000, , H1/L1 = 10.0. 
 
Based on this color pattern and the  values 
obtained in the process, it can be seen that geometries 
with higher concentrations of red (hot) areas have 
worse thermal performance, indicating that the 
optimal geometry in fact depends on the position in 
which the fin is inserted into the cavity, as well as the 
Reynolds number. 
For small values of ReH (ReH = 10), the 
isothermals are smooth curves and the circulations 
generated inside the cavity have low intensity (Figs. 
7, 8 and 9, items a, b). 
 
 
 
Figure 8. Temperature field obtained for different 
ReH, considering the fin inserted at S/A1/2 = 0.5 of the 
upstream surface of the cavity with H/L = 1.0: 
a) ReH = 10, , (H1/L1)o = 0.1; 
b) ReH = 10, , H1/L1 = 10.0; 
c) ReH = 100, , (H1/L1)o = 0.4; 
d) ReH = 100, , H1/L1 = 10.0; 
e) ReH = 1000, , (H1/L1)o = 0.3; 
f) ReH = 1000, , H1/L1 = 10.0. 
 
When the ReH increases to 100, it can be seen in 
the optimal configurations (Figs. 7c, 8c and 9c) that 
intensity of main vortex also increases and, as a 
consequence, the cold flow circulation reaches the fin 
and cavity surfaces, facilitating the heat exchange. 
The largest magnitudes of  are obtained for 
ReH = 1000. Following the temperature gradients, it 
is observed that, among the cases studied, the ideal 
geometry corresponds to the fin with ratio (H1/L1)oo 
= 2.0, positioned at (S/A1/2)o = 0.9 (Figure 9e). This 
is because, even having a relatively narrow contact 
surface, it does not obstruct the cavity circulation, 
providing a more effective heat exchange. It’s also 
observed that the higher Reynolds number caused an 
asymmetric behavior in the temperature gradient, 
concentrating the circulations in the upper right 
corner of the cavity. 
A qualitative study can be done regarding the 
relative difference between  (best) and 
, based on the geometric configurations 
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used in the systems, for each value of ReH and at 
each position where the fin is inserted (Tab. 1). 
 
Table 1. Relative difference between  and 
 varying the fin position and ReH. 
       S/A1/2   0.1 0.5 0.9 ReH  
10 36% 47% 62% 
100 30% 47% 62% 
1000 16% 58% 60% 
 
Table 1 shows that the relative difference 
between the best and the worst  has an almost 
constant tendency for small values of ReH. This 
behavior was already expected due to the profiles 
proximity shown in Figures 4-6 for ReH ≤ 100. 
However, for ReH = 1000 this tendency changes and 
is basically caused by the fluid condition in the 
vicinity of the fin. 
 
 
 
Figure 9. Temperature field obtained for different 
ReH, considering the fin inserted at S/A1/2 = 0.9 of the 
upstream surface of the cavity with H/L = 1.0: 
a) ReH = 10, , (H1/L1)o = 2.0; 
b) ReH = 10, , H1/L1 = 10.0; 
c) ReH = 100, , (H1/L1)o = 2.0; 
d) ReH = 100, , H1/L1 = 10.0; 
e) ReH = 1000, , (H1/L1)o = 2.0; 
f) ReH = 1000, , H1/L1 = 10.0. 
 
The relative difference of  also can be 
verified for each fin position, considering the 
variation of ReH  (Table 2). 
 
Table 2. Contribution of ReH variation for  
in each fin position. 
      S/A1/2      0.1 0.5 0.9 ReH  
10 to 100 44% 36% 3% 
100 to 1000 63% 63% 15% 
 
Table 2 makes it clear that the Reynolds number 
(ReH) has little influence on finned systems 
positioned near the upper surface of the cavity. This 
can also be observed by the proximity of the profiles 
shown in Fig. 6. 
 
CONCLUSIONS 
 
In the present work it was evaluated the 
geometry influence of a fin inserted in a lid-driven 
square cavity under forced convective effects in a 
laminar and steady flow. In order to maximize the 
heat transfer between the fin and the surrounding 
flow, the Constructal Design Method and exhaustive 
search was used to study the influence of some 
parameters in the calculation of spatial-averaged 
Nusselt number ( ). For this, three Reynolds 
numbers (ReH = 10, 100 and 1000) were tested and 
the fin was moved along the upstream surface of the 
cavity (S/A1/2 = 0.1, 0.5 and 0.9) while the ratio 
H1/L1 was varied. The conservation equations of 
momentum and energy were solved using the Finite 
Volume Method (FVM). 
Results of this study showed that the Reynolds 
number, ratio H1/L1 and position of the fin within the 
lid-driven cavity has strong influence over the 
Nusselt number. In particular, it is noted that the 
highest number of spatial-averaged Nusselt number 
( ) twice maximized was obtained for ReH = 
1000  and the ideal geometry obtained for fin was 
(H1/L1)oo = 2.0 in position (S/A1/2)o = 0.9. In 
addition, it was observed that the best geometries are 
those in which the temperature field has the most 
uniform heat distribution even with low Reynolds 
number. This behavior is in agreement with the 
optimal distribution of imperfections principle. 
In this sense, among the tests carried out, it was 
shown that fins with a large ratio H1/L1 cause 
restrictions in the flow, which prevented the adequate 
heat exchange by the system. Tests on the fin position 
(S/A1/2) were also performed, where it was observed 
that the thermal efficiency is obtained for fins closer 
to the upper surface of the cavity. This behavior can 
be associated with the imposition of temperatures in 
fin and upper lid surface. 
As expected, the increase in Reynolds number 
contributes to the increase in Nusselt numbers. 
However, its influence was not very effective on fins 
closer to the sliding surface (Tab. 2). 
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